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Abstract Differential evolution (DE) is a well-known evo-
lutionary algorithm which has been successfully applied in
many scientific and engineering fields. In most DE algo-
rithms, the base and difference vectors for mutation are
randomly selected from the current population. That is, the
useful population information cannot be fully exploited to
guide the search of DE through mutation. Furthermore, the
selection of parents inmutation has been verified to be critical
for theDEperformance. Therefore, to alleviate this drawback
and improve the performance of DE, a novel DE algorithm
with a directional mutation based on cellular topology is
proposed in this study. This proposed algorithm is named
as Cellular Direction Information based DE (DE-CDI). In
DE-CDI, the cellular topology is employed first to define a
neighborhood for each individual of population and then the
direction information based on the neighborhood is incorpo-
rated into themutation operator. In thisway,DE-CDInot only
utilizes the neighborhood information to exploit the regions
of better individuals and accelerate convergence, but also
introduces the direction information to guide the search to the
promising area. To evaluate the performance of the proposed
method, DE-CDI is applied to the original DE algorithms, as
well as several advanced DE variants. Experimental results
demonstrate the high performance of DE-CDI for most DE
algorithms studied.
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1 Introduction

Differential evolution (DE), proposed by Storn and Price
(Storn and Price 1997; Storn et al. 2005), is a simple yet
efficient evolutionary algorithm for global numerical opti-
mization. It has many attractive characteristics, such as
ease to use, compact structure, robustness and speediness.
Recently, DE has been extended to handle large-scale, multi-
objective, constrained, dynamic and uncertain optimization
problems (Das and Suganthan 2011). Furthermore, DE has
been successfully applied to diverse domains of science
and engineering, such as pattern recognition (Das et al.
2008; Omran et al. 2005), chemical engineering (Wang and
Jang 2000; Lampinen 1999), engineering design (Joshi and
Sanderson 1999; Rogalsky et al. 1999), signal processing
(Das and Konar 2006), satellite communications (Wang and
Cai 2015) and so on.

In DE, two main factors significantly influence the per-
formance of DE: the control parameters (i.e., population size
NP, scaling factor F and crossover rate Cr) and the evo-
lutionary operators (i.e., mutation, crossover and selection).
During the past decade, there aremany enhancedDE variants
proposed in the literature. According to Neri and Tirronen
(2010), these advanced DE variants can be divided into two
categories: algorithms with additional components and algo-
rithms with a modified DE structure. In these DE variants,
modifications mostly focus on devising the new mutation
operators (Zhang and Sanderson 2009; Das et al. 2009;Wang
et al. 2014), employing the self-adaptive strategies for con-
trol parameters (Qin et al. 2009; Brest et al. 2006; Yang et al.
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2015), proposing the ensemble strategies (Qin et al. 2009;
Wang et al. 2011; Tang et al. 2015), developing the hybrid
DE with other optimization methods (Sun et al. 2005), etc.

In DE, the mutant vector, generated by the mutation oper-
ator, can be treated as a lead individual to explore the search
space and is constructed by adding a difference vector to a
base vector. However, these two vectors (i.e., the base and
difference vectors) in most DE variants are always randomly
selected from the current population. That is, the useful popu-
lation information cannot be fully utilized to guide the search
through mutation.

In order to alleviate this drawback and enhance the per-
formance of DE, a new DE algorithm with a directional
mutation based on cellular topology is proposed in this study,
which is named as Cellular Direction Information based
DE (DE-CDI). In DE-CDI, a cellular topology is employed
first to define a neighborhood for each individual of popu-
lation. Then, the neighbors of each individual are divided
into the superior and inferior groups according to their fit-
ness. Finally, the direction information is incorporated into
mutation by selecting two vectors from the superior and
inferior groups, respectively. Here, all the parents for muta-
tion are selected from the neighbors of the current vector.
In this way, DE-CDI not only utilizes the information of
neighboring individuals to exploit the regions of minima and
accelerate convergence, but also incorporates the direction
information of population to guide the search to the promis-
ing area. Therefore, the population information composed
by neighborhood and direction information can be simulta-
neously and fully utilized in DE-CDI to guide the search.

To evaluate the effectiveness of the proposedmethod, DE-
CDI is applied to six original DE algorithms, as well as
several advanced DE variants. With the analysis of the exten-
sive experiments on a set of benchmark functions, we can
clearly find that DE-CDI is able to improve the performance
of most DE algorithms studied.

Themain contributions of this study include the following:

• Both neighborhood and direction information are fully
and simultaneously utilized in selecting parents formuta-
tion to guide the search of DE.

• DE-CDI provides a simple yet powerful approach for
improving the search ability of DE. In addition, DE-CDI
can be easily applied to other DE variants.

• The extensive experiments are carried out to show the
effectiveness of DE-CDI. The results demonstrate that
CDI is able to enhance the performance of most DE algo-
rithms studied.

The rest of this paper is organized as follows: In Sect. 2,
the original DE is introduced. Section 3 briefly reviews some
related work. The proposed DE-CDI is presented in detail in

Sect. 4. In Sect. 5, experimental results are reported. Finally,
the conclusions are drawn in Sect. 6.

2 DE

In this study, DE is for solving the numerical optimization
problem (Storn and Price 1997). Without loss of generality,
the optimization problem which is considered to be mini-
mized is f (X), X ∈ RD , and D is the dimension of the
decision variables. DE evolves a population of vectors repre-
senting the candidate solutions. Every individual is denoted
as Xi,G = (x1i,G , x2i,G , . . . , xDi,G), where i = 1, 2, . . . , N P ,
NP is the population size and G is the current generation.

The DE algorithmic schemes can be classified using the
notation “DE/x/y/z”, where DE means differential evolution
algorithm, x means the method of selecting the parent that
constitutes the base vector, y means the number of differ-
ence vectors that are used to perturb x and z stands for the
crossover type employed.

2.1 Initialization

In DE, the initial population should cover the entire search
space as much as possible by uniformly randomizing indi-
viduals within the search space. Here, the j th parameter in
the i th individual is initialized as follows:

x j
i,G = L j + rand(0, 1) × (Uj − L j ), (1)

where rand(0, 1) represents a uniformly distributed random
number within the range [0, 1], and L j and Uj represent the
lower and upper bounds of the j th variable, respectively.

2.2 Mutation

DE employs the mutation strategy to generate a mutant vec-
tor Vi,G with respect to each individual Xi,G . Here, several
widely used mutation strategies are listed as follows:

• DE/rand/1

Vi,G = Xr1,G + F × (Xr2,G − Xr3,G) (2)

• DE/rand/2

Vi,G = Xr1,G + F × (Xr2,G − Xr3,G)

+ F × (Xr4,G − Xr5,G) (3)

• DE/best/1

Vi,G = Xbest,G + F × (Xr1,G − Xr2,G) (4)
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• DE/best/2

Vi,G = Xbest,G + F × (Xr1,G − Xr2,G)

+ F × (Xr3,G − Xr4,G) (5)

• DE/current-to-best/1

Vi,G = Xi,G + F × (Xbest,G − Xi,G)

+ F × (Xr1,G − Xr2,G) (6)

• DE/rand-to-best/1

Vi,G = Xr1,G + F × (Xbest,G − Xr1,G)

+ F × (Xr2,G − Xr3,G), (7)

where F is called the mutation scaling factor, and the indices
r1, r2, r3, r4 and r5 are mutually exclusive integers ran-
domly generated within the range [1, NP], which are also
different from the index i . Xbest,G is the best individual vec-
tor at generation G. More details of them can be found in
Storn and Price (1997), Storn et al. (2005) and Das and Sug-
anthan (2011).

2.3 Crossover

The crossover operator is applied to each pair of Xi,G and
Vi,G to generate a trial vector Ui,G . There are two kinds of
crossover scheme: binomial and exponential (Storn and Price
1997; Storn et al. 2005). The binomial crossover, as it is
widely used, is outlined as follows:

u j
i,G =

{
v
j
i,G if rand(0, 1) ≤ Cr or j = jrand

x j
i,G otherwise,

(8)

where Cr ∈ [0, 1] is called the crossover rate. jrand is a ran-
domly chosen integer in the range [1, D]. If u j

i,G is out of the
boundary, it will be reinitialized within the range [L j , Uj ].

2.4 Selection

The selection operator selects the better one from each pair
of Xi,G andUi,G according to their fitness values for the next
generation. The selection operator is given as follows:

Xi,G =
{
Ui,G if f (Ui,G) ≤ f (Xi,G)

Xi,G otherwise
(9)

3 Related work

This section briefly reviews some recently improved DE
variants that utilize the population information, especially

neighborhood and direction information, in the mutation
operators.

The neighborhood concepts are usually used to enhance
the performance of DE by the following ways: offspring
generation operator, structured population and local search
(Epitropakis et al. 2011). There are two main types of neigh-
borhood information: index-based and distance-based. For
the index-based neighborhood, the neighbors of each indi-
vidual do not necessary lie in the vicinity of its topological
region in the search space. Many DE variants utilize the
index-based neighborhood information with the structured
population. In these DE variants, the individuals for muta-
tion are selected according to a neighbor list constructed
from the population topologies. Two main canonical kinds
of structured population in DE is employed in literature,
i.e., cellular DE (cDE) (Noman and Iba 2011; Noroozi
et al. 2011; Dorronsoro and Bouvry 2010) and distributed
DE (dDE) (Weber et al. 2011, 2010; Neri et al. 2011).
In De Falco et al. (2014), the impact of several network
topologies on the performance of distributed differential
evolution was investigated. By using the ring topology, a
neighborhood-based mutation operator was proposed in Das
et al. (2009). InOmran et al. (2006), the self-adaptiveDEwas
enhancedusing a ring neighborhood topology. InOmran et al.
(2009), by employing the concept of index neighborhoods,
the bare bones DE algorithm was proposed. To balance the
exploration and exploitation, an adaptive memetic DE was
proposed (Piotrowski 2013), where the ring topology was
used to construct the neighborhood of individuals for local
model. In Hu et al. (2014), the ring neighborhood topol-
ogy was employed to improve a memetic DE algorithm.
Recently, several population topologies, e.g. distributed, cel-
lular, ring, small-world, have been introduced in DE to
improve its performance (Dorronsoro and Bouvry 2011).
For the distance-based neighborhood, the individuals are
regarded as the neighbors of an individual when they locate
in the vicinity of its topological region in the search space. In
Epitropakis et al. (2011), a proximity-based DE framework
(ProDE) was proposed using an affinity matrix based on the
Euclidean distance to select the individuals for mutation. For
improving the performance of DE, the learning-enhanced
DE (LeDE) was proposed in Cai et al. (2012). In LeDE,
the neighbors of each individual were defined based on the
identified clusters. In Liang et al. (2014), a novel DE variant
that employed a modified Fitness Euclidean-distance Ratio
technique was proposed. In Sarkar et al. (2015), an effec-
tive new grouping strategy namely adaptive clustering and
reclustering was proposed based on Fuzzy c-means cluster-
ing technique and was integrated with a hybrid of crowding
niching technique and DE. To enhance the performance
on multi-modal problems, an ensemble crowding DE with
neighborhood mutation was proposed (Hui and Suganthan
2013).
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Due to that difference vectors in mutation of DE are
always constructed in a random manner, the direction con-
cept is incorporated into many DE variants to enhance the
exploration ability. In Wang and Xiang (2008), a new muta-
tion strategy, named as DE/rand/±mean, was proposed. In
this strategy, the population is partitioned into two groups
and the difference vector is constructed by randomly select-
ing the vectors from the two groups respectively. In Fan
and Lampinen (2003), a trigonometric mutation DE (TDE)
was proposed with a probabilistic triangle mutation strat-
egy that incorporates the direction information into DE.
Recently, a novel DE framework, DEwith neighborhood and
direction information (NDi-DE), was proposed by design-
ing three types of direction information for mutation to
guide the search (Cai and Wang 2013). After that, adaptive
operator selection mechanism was introduced into NDi-DE
for different mutation strategies to dynamically balance the
exploration and exploitation (Cai et al. 2015). In Bi and
Xiao (2011), using the direction information with the current
best solution and the best previous solution of each individ-
ual, a classification-based self-adaptive DE was proposed.
In Iorio and Li (2006) and Liu et al. (2009), the direction
information was also employed to enhance the performance
of DE for the multi-objective optimization. In Zhang and
Yuen (2015), with a difference vector pool containing good
direction information, a directional mutation DE (DMDE)
was proposed to speed up the convergence of DE. Based a
distributed topology, a directional strategy was employed to
enhance convergence speed by using the direction informa-
tion in Gou et al. (2015).

4 DE-CDI

In this section, the proposed algorithm, i.e., DE-CDI, is
described in detail. First, the motivations of this study
are given. Second, two main components of CDI based
mutation, i.e., cellular topology-based neighborhood and
neighborhood-based directional mutation, are presented.
Third, the complete proposed framework of DE-CDI is
shown. Finally, the complexity of DE-CDI is discussed.

4.1 Motivations

As mentioned in Sect. 3, many attempts with neighborhood
or/and direction information of population are effective to
guide the search of DE. Furthermore, the selection of par-
ents in mutation has been verified to be critical for the DE
performance (Noman and Iba 2011;Noroozi et al. 2011;Dor-
ronsoro andBouvry 2010;Weber et al. 2011, 2010;Neri et al.
2011; Das et al. 2009; Omran et al. 2006, 2009; Cai et al.
2012; Wang and Xiang 2008; Fan and Lampinen 2003; Cai
and Wang 2013; Bi and Xiao 2011). However, in most DE

algorithms, on the one hand, the base and difference vectors
are always selected randomly or locally. That it, both neigh-
borhood and direction information are not simultaneously
and fully utilized during the evolutionary process of DE. On
the other hand, the individuals are often guided only with the
best individual of population, even if the best individual is far
away from the global optimum. By this way, the individuals
may be trapped in local optimummore frequently, especially
for the multimodal problems.

Based on these considerations, a directional mutation
based on cellular topology is introduced into the mutation
operator of DE to exploit the neighborhood and direction
information of population simultaneously. Thus, a simple and
effective framework, DE-CDI, is proposed. The primary idea
of DE-CDI is to incorporate cellular topology and direction
information intomutation to enhance the performance ofDE.
In CDI-based mutation, there are two main components: cel-
lular topology-based neighborhood and neighborhood-based
directional mutation.

4.2 Cellular topology-based neighborhood

In order to define a neighborhood for each individual, the
cellular topology is introduced into the population. In the
neighborhood-based on cellular topology, the population
is spatially structured in a two-dimensional toroidal grid.
Each grid-point contains exactly one individual, and the
neighborhood of an individual is defined by the surround-
ing grid-points (Noman and Iba 2011). Here, the cellular
topology-based neighborhood is calledCn,where n indicates
the number of total individuals in the neighborhood (includ-
ing the current individual itself and its closest neighbors).
Figure 1 illustrates the concept with C9.

When employing Cn in DE-CDI, the population is struc-
tured in a regular grid of two dimensions and each individual
can only interact with its surrounding neighboring solutions
during the evolutionary process. As shown in Fig. 1, the indi-
vidual at the center position in the grid (i.e., Xi ) can generate
an offspring only with its eight closest neighbors (i.e., the
solid circles). That is, the interactions among individuals are

Neighborhood
of Xi

Xi

Fig. 1 C9

123



Cellular direction information based differential evolution...

restricted to the closest ones, which will lead to slow diffu-
sion of information throughout the population.

In this way, the neighborhood information based on cel-
lular topology will be exploited fully to guide the search
of DE-CDI through selecting parents from the neighbors.
Although various neighborhood topologies, e.g., distributed,
ring or small-world topology, are proposed for DE (Dor-
ronsoro and Bouvry 2011), the cellular topology can obtain
themore attractive and robust results in our preliminary tests.
In the future work, the detailed comparisons of the DE-CDI
variants with other neighborhood topologies will be made.

4.3 Neighborhood based directional mutation

Based on the defined neighborhood with cellular topology,
direction information is introduced into mutation of DE by
selecting neighbors to construct difference vectors. The new
proposedmutation operator is named as neighborhood-based
directional mutation (NDM). In NDM, all the parents in
mutation are selected from the neighbors and the differ-
ence vectors are constructed by directing at a better neighbor
from a worse one. Concretely, according to the fitness of
the base vector, all of the neighbors are partitioned into the
superior and inferior groups, and the difference vectors are
constructed by randomly selecting two neighbors from the
superior and inferior groups respectively.

In order to illustrate how NDM works, a simple exam-
ple for DE/rand/1 with direction information based on C9
is shown in Fig. 2. As illustrated in Fig. 2, the base vector,
Xr1,G , is randomly selected from the neighbors of Xi,G first.
Then, based on the fitness of Xr1,G , all the eight neighbors
of Xi,G are partitioned into the superior and inferior groups.
Finally, the terminal point of the difference vector, Xr2,G ,
is randomly selected from the superior group, and the start
point, Xr3,G , is randomly selected from the inferior group.
In this way, the direction information is incorporated into
mutation for guiding the search of DE to the promising area.

4.4 The framework of DE-CDI

The framework of DE-CDI is illustrated in Fig. 3. The
pseudo-code of DE-CDI with DE/rand/1 (named as DE-

1,( )r Gf X 1,( )r Gf X

, 1, 2, 3,( )i G r G r G r GV X F X X=           +                 

select select select

partition

≤ >

× -

Superior Group Inferior Group

Fig. 2 DE/rand/1 with direction information based on C9

End

End

CDI based mutation

Cellular topology 
based neighborhood

Initialization

Meet the end 
condition?

Crossover

Selection

Elevate the fitness of every individual

Neighborhood based 
directional mutation

No

Yes

Fig. 3 Flowchart of DE-CDI

CDI/rand/1) is also shown in Algorithm 1 where the dif-
ferences with respect to DE/rand/1 are highlighted with “∗”.
It is clear that DE-CDI only affects the mutation operator and
it can be directly and easily applied to most DE algorithms.

When applying DE-CDI to the mutation operator that
employs the best individual (e.g., DE/best/1, DE/ current-
to-best/1 and DE/rand-to-best/1), the best neighbor of the
current individual will be served as the best individual for
mutation. That is, the best individual is refined in these
mutation operators. As for constructing the difference vec-
tor, when the base vector is the best or worst vector in the
neighborhood, two vectors will be randomly selected from
the neighborhood of the base vector and the difference vector
will be constructed by directing at the better vector from the
worse one.

4.5 The complexity of DE-CDI

Compared with the original DE algorithm, the additional
computation of DE-CDI depends on the selection of par-
ents for mutation, i.e., steps 5–7 in Algorithm 1. During one
generation, selecting individuals to construct difference vec-
tor based on Cn will take n − 1 times of comparison with
the base vector. Therefore, the additional computation of
DE-CDI is O(n). Since the complexity of the original DE
algorithm is O(Gmax × N P × D) where Gmax is the max-
imal number of generation, the total complexity of DE-CDI
is O(Gmax × N P × max(D, n)).
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Algorithm 1 DE-CDI/rand/1
1: Generate the initial population PG and set G = 1;
2: Evaluate the fitness for each individual in PG ;
3: While the terminated condition is not satisfied do
4: For each individual Xi,t do
5: ∗ Randomly select the base vector Xr1 from the neighborhood

of Xi,G ;
6: ∗ Partition all the neighbors of Xi,G into the superior and inferior

groups by comparing their fitness with Xi,G ;
7: ∗ Randomly select Xr2 and Xr3 from the superior and inferior

groups respectively;
8: Use Eq. (2) to generate a mutant vector;
9: Use Eq. (8) to generate a trial vector;
10: Use Eq. (9) to determine the survived vector;
11: End For
12: Set G = G + 1;
13: End while

5 Experimental result and analysis

In order to evaluate the performance of DE-CDI, 25 bench-
mark functions from the CEC2005 special session on real-
parameter optimization (Suganthan et al. 2005) and three
real-world problems (Eshelman et al. 1997; Das and Sug-
anthan 2010) are used. In this section, the benchmark
functions are presented first. Then, the experimental setup
is given. Finally, the simulation results are analyzed and
discussed.

5.1 Benchmark functions

25benchmark functions are used, denoted as F1–F25,which
are from the special sessionon real-parameter optimizationof
the 2005 IEEECongress onEvolutionaryComputation (CEC
2005) (Suganthan et al. 2005). According to Suganthan et al.
(2005), these functions can be categorized into four groups:
unimodal functions (F1–F5), basic multimodal functions
(F6–F12), expanded multimodal functions (F13–F14) and
hybrid composition functions (F15–F25). More details of
them can be found in Rogalsky et al. (1999).

5.2 Parameter settings

For a fair comparison, the same random initial population is
used to evaluate the performance of different algorithms. The
parameters are set as follows unless a change is mentioned:

• Dimension of each function (D): 30 and 50.
• Population size (NP): 100.
• Mutation factor (F): 0.5.
• Crossover factor (Cr): 0.9.
• Number of neighbors (n): 13 (i.e., C13).
• Maximum number of function evaluations (MNFEs):
104 × D.

• Number of runs (NumR): 25.

In the experimental study, comparisons between six orig-
inal DE algorithms (i.e., DE/rand/1, DE/rand/2, DE/best/1,
DE/best/2, DE/current-to-best/1 and DE/ rand-to-best/1) and
their correspondingDE-CDI algorithms aremade first. Then,
we compare the performance of DE-CDI with advanced DE
variants, i.e., CoDE (Wang et al. 2011), jDE (Brest et al.
2006), ODE (Rahnamayan et al. 2008) and SaDE (Qin et al.
2009). All the parameters of these DE variants are set as their
original papers except NP in CoDE and SaDE. For compar-
ing the algorithms with the same number of neighbors, e.g.,
n = 25 (C25) or 49 (C49), NP in CoDE and SaDE is set to
100. Simulations are carried out on an Intel Core i3 duo PC
with 3.30-GHz CPU and 4 GB RAM.

To show the significant differences among the competi-
tors, several nonparametric statistical tests (García et al.
2009; Derrac et al. 2011) are also carried out by the KEEL
software (Alcalá-Fdez et al. 2015). The results of single-
problem Wilcoxon signed-rank test at α = 0.05 (García
et al. 2009; Derrac et al. 2011) are shown in the tables as
“+/ = /−”, which means that DE-CDI wins, ties and loses
on the specific function when compared with its competitor.

5.3 Comparison with original DE algorithms

Six original DE mutation operators (see Eqs. 2–7) are used
here. The results for all the functions at 30D and 50D are
shown in Tables 1 and 2, respectively. The better values in
terms of mean solution error and standard deviation com-
pared between DE and its corresponding DE-CDI variants
are highlighted in boldface.

For the functions at 30D, the results of Table 1 show
that DE-CDI can provide significantly better results than
the corresponding original DE algorithms onmost functions.
Specifically, for DE/best/1, DE-CDI exhibits substantial per-
formance improvements on 24 out of 25 functions. For
DE/current-to-best/1 and DE/rand-to-best/1, DE-CDI is sig-
nificantly better on 21 and 21 functions, respectively. For
DE/rand/2, DE-CDI can effectively enhance its exploitative
ability and yield significant improvements on 22 functions.
For DE/rand/1 and DE/best/2, DE-CDI is significantly better
on 11 and 9 functions, respectively.

For the functions at 50D, the results of Table 2 also show
that DE-CDI is consistently superior to most of the corre-
sponding DE algorithms. DE-CDI/best/1 is significantly bet-
ter than DE/best/1 on 22 functions, while DE-CDI/current-
to-best/1 and DE-CDI/rand-to-best/1 are significantly better
than their corresponding original DE algorithms on 21 and 21
functions, respectively. For DE/rand/1 and DE/rand/2, DE-
CDI significantly outperforms them on 10 and 22 functions,
respectively. ForDE/best/2, DE-CDI is also significantly bet-
ter on 12 functions.
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Fig. 4 Convergence graphs of the original DE algorithm and the cor-
responding DE-CDI for the selected functions at 30D

Figures 4 and 5 also show that the convergence speed of
DE-CDI is better than the corresponding original DE algo-
rithms for most selected functions at 30D and 50D.

Furthermore, to show the significant differences between
DE-CDI and its corresponding DE algorithm, the multi-
problem Wilcoxon signed-rank test (García et al. 2009;
Derrac et al. 2011) is also carried out on all the functions
at 30D and 50D. The results are shown in Tables 3 and 4,
respectively. For the functions at 30D, it is clear that DE-
CDI can obtain the higher R+ values than R− values in all
the cases. In addition, the p values in most cases are less
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Fig. 5 Convergence graphs of the original DE algorithm and the cor-
responding DE-CDI for the selected functions at 50D

than 0.05, which means that DE-CDI is significantly better
than most original DE algorithms overall. For the functions
at 50D, the similar results can also be obtained from Table 4.

5.4 Comparison with advanced DE algorithms

In order to evaluate the effectiveness of DE-CDI for the
advanced DE variants, four DE variants are used, i.e., CoDE
(Wang et al. 2011), jDE (Brest et al. 2006), ODE (Rahna-
mayan et al. 2008) and SaDE (Qin et al. 2009). The results

Table 3 Results of the multi-problem Wilcoxon’s test for DE-CDI versus the original DE algorithm for all the functions at 30D

Algorithm +/ = /− R+ R− p value α = 0.05 α = 0.1

DE-CDI/rand/1 vs DE/rand/1 11/10/4 228 97 7.58E−02 = +
DE-CDI/rand/2 vs DE/rand/2 22/3/0 315 10 3.60E−05 + +
DE-CDI/best/1 vs DE/best/1 22/2/1 318 7 2.70E−05 + +
DE-CDI/best/2 vs DE/best/2 9/11/5 200.5 124.5 3.00E−01 = =
DE-CDI/current-to-best/1 vs DE/current-to-best/1 21/2/2 319 6 2.40E−05 + +
DE-CDI/rand-to-best/1 vs DE/rand-to-best/1 21/3/1 295 5 3.20E−05 + +

Table 4 Results of the multi-problem Wilcoxon’s test for DE-CDI versus the original DE algorithm for all the functions at 50D

Algorithm +/ = /− R+ R− p value α = 0.05 α = 0.1

DE-CDI/rand/1 vs DE/rand/1 10/5/10 161.5 138.5 7.32E−01 = =
DE-CDI/rand/2 vs DE/rand/2 22/3/0 323.5 1.5 1.30E−05 + +
DE-CDI/best/1 vs DE/best/1 23/1/1 298 2 2.10E−05 + +
DE-CDI/best/2 vs DE/best/2 12/9/4 221 79 4.11E−02 + +
DE-CDI/current-to-best/1 vs DE/current-to-best/1 22/1/2 296 4 2.80E−05 + +
DE-CDI/rand-to-best/1 vs DE/rand-to-best/1 22/2/1 296 4 2.80E−05 + +
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Fig. 6 Convergence graphs of the advanced DE variants and the cor-
responding DE-CDI for the selected functions at 30D

for the functions at 30D and 50D are presented in Tables 5
and 6, respectively.

In Table 5, it is obvious that DE-CDI exhibits significant
improvements for most advanced DE variants. Specifically,
for the DE variants with ensemble strategies, CoDE-CDI is
significantly better than CoDE on 22 functions, while SaDE-
CDI significantly outperforms SaDE on five functions. For
jDE, DE-CDI significantly outperforms it on eight functions
and is outperformed by it on two functions. For ODE, DE-
CDI is significantly better on nine functions and is worse on
two functions.

For the functions at 50D in Table 6, DE-CDI also signif-
icantly improves the performance of most DE variants. For
CoDE and SaDE, DE-CDI is significantly better on 22 and
7 functions, respectively. For jDE, DE-CDI is significantly
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Fig. 7 Convergence graphs of the advanced DE variants and the cor-
responding DE-CDI for the selected functions at 50D

better on five functions. For ODE, DE-CDI can obtain the
significant better results on six functions.

From Figs. 6 and 7, it is clear that DE-CDI is better than
the advanced DE variants in terms of the convergence speed
for most selected functions at 30D and 50D.

Furthermore, the multi-problem Wilcoxon signed rank
tests at α = 0.05 and α = 0.1 are employed to show the
significant differences between DE-CDI and its correspond-
ing DE variant, and the results are shown in Tables 7 and 8.
It is obvious that DE-CDI can obtain the higher R+ values
than R− values inmost cases. These results indicate that DE-
CDI is able to improve the performance of most advanced
DE variants overall.

Summarily, the results of Tables 5, 6, 7 and 8 indicate that
DE-CDI can also bring the beneficial to most advanced DE
variants studied.

Table 7 Results of the multi-problem Wilcoxon’s test for DE-CDI versus the advanced DE algorithm for all the functions at 30D

Algorithm +/ = /− R+ R− p value α = 0.05 α = 0.1

CoDE-CDI vs CoDE 22/3/0 320 5 1.60E−05 + +
jDE-CDI vs jDE 8/15/2 197 128 3.30E−01 = =
ODE-CDI vs ODE 9/14/2 269.5 55.5 3.71E−03 + +
SaDE-CDI vs SaDE 5/15/5 166.5 133.5 6.27E−01 = =

Table 8 Results of the multi-problem Wilcoxon’s test for DE-CDI versus the advanced DE algorithm for all the functions at 50D

Algorithm +/ = /− R+ R− p value α = 0.05 α = 0.1

CoDE-CDI vs CoDE 22/3/0 323.5 1.5 1.10E−05 + +
jDE-CDI vs jDE 5/16/4 166 134 6.35E−01 = =
ODE-CDI vs ODE 6/14/5 190 110 2.47E−01 = =
SaDE-CDI vs SaDE 7/13/5 246.5 78.5 2.30E−02 + +
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Table 11 Results of the
multi-problem Wilcoxon’s test
for DE-CDI versus NDi-DE for
all the functions at 30D

Algorithm +/ = /− R+ R− p value α = 0.05 α = 0.1

DE-CDI/rand/1 vs NDi-DE/rand/1 3/13/9 133 192 1.00e+00 = =
DE-CDI/best/1 vs NDi-DE/best/1 13/11/1 182 118 3.53E−01 = =
CoDE-CDI vs NDi-CoDE 21/3/1 285.5 14.5 6.70E−05 + +
ODE-CDI vs NDi-ODE 1/16/8 101.5 198.5 1.00e+00 = =

Table 12 Results of the
multi-problem Wilcoxon’s test
for DE-CDI versus NDi-DE for
all the functions at 50D

Algorithm +/ = /− R+ R− p value α = 0.05 α = 0.1

DE-CDI/rand/1 vs NDi-DE/rand/1 0/14/11 63.5 261.5 1.00e+00 − −
DE-CDI/best/1 vs NDi-DE/best/1 21/3/1 298 2 1.70E−05 + +
CoDE-CDI vs NDi-CoDE 20/2/3 271.5 53.5 3.11E−03 + +
ODE-CDI vs NDi-ODE 6/12/7 134 166 1.00e+00 = =

Table 13 Average computational time (in seconds) used by all the DE algorithms and their corresponding NDi-DE and DE-CDI variants

Function 30D 50D

DE NDi-DE DE-CDI Ratio1 Ratio2 DE NDi-DE DE-CDI Ratio1 Ratio2

F1 3.588 33.821 3.995 1.113 8.466 16.257 80.813 16.685 1.026 4.843

F2 3.915 19.148 4.625 1.181 4.140 13.785 48.880 13.941 1.011 3.506

F3 3.988 15.287 4.525 1.135 3.378 13.042 45.801 13.341 1.023 3.433

F4 4.026 15.816 4.660 1.157 3.394 13.724 44.463 13.947 1.016 3.188

F5 2.578 15.026 2.925 1.135 5.137 7.408 39.327 7.565 1.021 5.199

F6 6.252 26.721 6.604 1.056 4.046 17.615 76.757 17.908 1.017 4.286

F7 4.422 19.706 4.893 1.107 4.027 13.868 62.276 14.243 1.027 4.372

F8 4.454 21.863 4.868 1.093 4.491 13.553 42.533 13.945 1.029 3.050

F9 4.356 18.362 4.761 1.093 3.857 13.594 57.956 13.757 1.012 4.213

F10 4.339 16.962 4.782 1.102 3.547 13.532 54.141 13.758 1.017 3.935

F11 102.666 115.593 103.142 1.005 1.121 218.216 322.655 218.815 1.003 1.475

F12 95.387 114.472 97.527 1.022 1.174 331.804 489.458 332.436 1.002 1.472

F13 7.472 21.570 7.514 1.006 2.871 25.926 71.932 26.241 1.012 2.741

F14 13.579 28.485 13.592 1.001 2.096 42.778 69.282 42.982 1.005 1.612

F15 230.323 250.545 232.197 1.008 1.079 689.966 742.986 694.158 1.006 1.070

F16 230.438 244.753 232.187 1.008 1.054 692.254 728.524 694.030 1.003 1.050

F17 230.900 242.120 232.484 1.007 1.041 691.545 716.976 694.295 1.004 1.033

F18 230.669 244.085 232.834 1.009 1.048 695.526 727.576 696.387 1.001 1.045

F19 230.852 244.428 232.819 1.009 1.050 693.948 731.694 696.132 1.003 1.051

F20 230.554 244.043 232.650 1.009 1.049 692.988 729.835 693.007 1.000 1.053

F21 254.672 270.637 256.856 1.009 1.054 759.837 802.121 760.931 1.001 1.054

F22 257.338 270.045 260.303 1.012 1.037 769.463 795.093 770.067 1.001 1.032

F23 256.583 273.930 258.809 1.009 1.058 763.027 803.024 769.837 1.009 1.043

F24 160.112 179.249 161.538 1.009 1.110 496.938 547.394 497.288 1.001 1.101

F25 161.033 172.423 161.877 1.005 1.065 497.525 532.460 499.864 1.005 1.065

Avg. 109.380 124.764 110.519 1.010 1.129 327.925 374.558 329.022 1.003 1.138

Ratio1 means the value that the cost of DE-CDI is divided by that of the original DE algorithm. Ratio2 means defined as the value that the cost of
NDi-DE is divided by that of the DE-CDI
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Table 15 Results of the
multi-problem Wilcoxon’s test
between DMDE, cDMDE and
DE-CDI for all the functions at
30D

Algorithm (1) (2) (3) Algorithm (1) (2) (3)

DE-CDI/rand/2 (1) − 315.0a 274.5a DE-CDI/best/1 (1) − 319.0a 92.0

DMDE/rand/2 (2) 10.0b − 5.0b DMDE/best/1 (2) 6.0b − 4.0b

cDMDE/rand/2 (3) 25.5b 295.0a − cDMDE/best/1(3) 233.0a 321.0a -

CoDE-CDI (1) − 295.0a 293.0a ODE-CDI (1) − 242.5a 185.0

DMCoDE (2) 30.0b − 42.0b DMODE (2) 82.5b − 157.5

cDMCoDE (3) 32.0b 258.0a − cDMODE (3) 115.0 142.5 -

Upper diagonal of level significance α = 0.9, lower diagonal level of significance α = 0.95
a The method in the row improves the method of the column
b The method in the column improves the method of the row

5.5 Comparison with NDi-DE

For investigating the effectiveness of DE-CDI with both
neighborhood and direction information, a DE framework,
i.e., NDi-DE (Cai and Wang 2013), is considered. Two orig-
inal DE algorithms, i.e., DE/rand/1 and DE/best/1, and two
advanced DE variants, i.e., CoDE and ODE, are used here
for comparison. The results for all the functions at 30D and
50D are shown in Tables 9 and 10, respectively.

In Table 9, we can find that DE-CDI can obtain the com-
parable results to NDi-DE for the functions at 30D. For
DE/rand/1 andDE/best/1,DE-CDI is significantly better than
NDi-DE on 3 and 13 functions, respectively. For CoDE and
ODE, DE-CDI can obtain the significant better results on 21
and 1 functions, respectively.

For the functions at 50D, the results of Table 10 show that
DE-CDI consistently perform as well as NDi-DE. Specifi-
cally, for DE/rand/1 and DE/best/1, DE-CDI is significantly
better than NDi-DE on 0 and 21 functions, respectively. For
CoDE andODE,DE-CDI significantly outperformsNDi-DE
on 20 and 6 functions, respectively.

Furthermore, the multi-problem Wilcoxon signed rank
tests at α = 0.05 and α = 0.1 are carried out between DE-
CDI and NDi-DE. Tables 11 and 12 present the results for
functions at 30D and 50D, respectively. For the functions
at 30D, it is clear that DE-CDI can obtain the higher R+
values than R− values in the cases of DE/best/1 and CoDE,
while the lower R+ values than R− values in DE/rand/1 and
ODE. In addition, the p values in the case of CoDE are less
than 0.05, which means that DE-CDI is significantly better
than NDi-DE overall. For the functions at 50D, the results
of the multi-problem Wilcoxon signed rank tests show that
DE-CDI is significantly better than NDi-DE in the cases of
DE/best/1 and CoDE and is outperformed by it in the case of
DE/rand/1.

As discussed in Sect. 4.5, the complexity of DE-CDI is
O(Gmax × N P ×max(D, n)). In Cai and Wang (2013), the
complexity of NDi-DE is O(Gmax × N P × N P × D) . To
show the efficiency of DE-CDI, DE-CDI is compared with

NDi-DE in terms of the average runtime on all the functions
at 30D and 50D. The results are shown in Table 13. In Table
13, the runtime value for each function means the average
overhead of all the DE algorithms considered in this study on
the corresponding function. In Table 13, the value of Ratio1
means the cost of DE-CDI is divided by that of the original
DE algorithm, and the value of Ratio2means the cost of NDi-
DE is divided by that of DE-CDI. The last column “Avg.”
means the average value for all the functions.

From Table 13, it is clear that the Ratio1 values are close
to 1 for all the functions at 30D and 50D. It indicates that the
additional computational cost of DE-CDI is trivial in all the
caseswhen comparedwith the original DE algorithms.When
compared with NDi-DE, the Ratio2 values are higher than
2 for most of F1–F14, which means that DE-CDI is more
efficient than NDi-DE for these functions. For the functions
F15–F25, most Ratio2 values are lower than 1.1. Different
from F1–F14, the evaluations of F15–F25 are costly. Thus,
the overhead of additional computational cost of NDi-DE
becomes trivial, which has been verified in Cai and Wang
(2013).

Overall, compared with NDi-DE, on the one hand, DE-
CDI does not need to select the type of direction information
and the scaling factor for differentmutation operators. On the
other hand, the results in Tables 9, 10, 11, 12 and 13 clearly
show thatDE-CDI can obtain the better or comparable results
to NDi-DE with low complexity.

5.6 Comparison with DMDE

In order to further show the high performance of DE-CDI,
a recently proposed DE variant with a directional mutation
operator (DMDE) (Zhang and Yuen 2015), is considered for
comparison. In DMDE, a pool of difference vectors between
the child and the parent individuals is calculated when the
fitness is improved at a generation, and the difference vectors
are randomly selected and incorporated into the mutation
operator (Zhang and Yuen 2015). In addition, to deeply study
the effectiveness of DE-CDI with different implementations
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Cellular direction information based differential evolution...

Table 17 Results of the multi-problem Wilcoxon’s test between original DE, DE-CELL, DE-DIR and DE-CDI for all the functions at 30D

Algorithm (1) (2) (3) (4) Algorithm (1) (2) (3) (4)

DE/best/1 (1) – 193.0 295.0a 7.0b DE/rand-to-best/1 (1) – 313.5a 1.0b 5.0b

DE-CELL/best/1 (2) 107.0 – 318.0a 4.0b DE-CELL/rand-to-best/1 (2) 11.5b – 4.0b 3.0b

DE-DIR/best/1 (3) 5.0b 7.0b – 5.0b DE-DIR/rand-to-best/1 (3) 299.0a 296.0a – 7.0b

DE-CDI/best/1 (4) 318.0a 296.0a 320.0a – DE-CDI/rand-to-best/1 (4) 295.0a 297.0a 293.0a –

CoDE (1) – 39.5b 18.5b 5.0b ODE (1) – 117.0 117.0 55.5b

CoDE-CELL (2) 285.5a – 50.5b 1.5b ODE-CELL (2) 183.0 – 170.0 115.5

CoDE-DIR (3) 306.5a 249.5a – 13.0b ODE-DIR (3) 208.0 155.0 – 140.5

CoDE-CDI (4) 320.0a 298.5a 312.0a – ODE-CDI (4) 269.5a 184.5 159.5 –

Upper diagonal of level significance α = 0.9, lower diagonal level of significance α = 0.95
a The method in the row improves the method of the column
bThe method in the column improves the method of the row

Fig. 8 Cellular topology-based neighborhood with different number
of neighbors

of directional mutation, an improved DMDE with cellular
topology, named cDMDE, is also presented here. In cDMDE,
the cellular topology is incorporated into the population of
DMDE. In this section, four DE algorithms, i.e., DE/rand/2
and DE/best/1, CoDE and ODE, are used. The results for all
the functions at 30D are shown in Table 14. Furthermore, the
results of the multi-problem Wilcoxon signed rank tests are
also presented in Table 15.

In Table 14, it is clear that DE-CDI can obtain the better
results than DMDE in all the cases. For DE/rand/2, DE-
CDI is significantly better than DMDE on 22 functions. For
DE/best/1, DE-CDI is significantly better than DMDE on
22 functions, while is outperformed by it on one function.
For CoDE and ODE, DE-CDI can obtain the significant bet-
ter results than DMDE on 18 and 8 functions, respectively.
From the results of Friedman test, DE-CDI obtains the bet-
ter average ranking values than DMDE in all the cases. The
results of the multi-problem Wilcoxon signed rank tests in
Table 15 also show that DE-CDI obtains the higher R+ val-
ues than R− values in all the cases, when compared with
DMDE. These results clearly indicate that DE-CDI is more
effective than DMDE to enhance the performance of DE.

When compared with cDMDE, on the one hand, DE-
CDI is consistently superior to it in most cases, except for
DE/best/1. On the other hand, it is interesting to find that
cDMDE can obtain the better results than DMDE in all the
cases. Therefore, it is clear that the neighborhood information
benefits DMDE. Furthermore, the effectiveness of DE-CDI
is also demonstrated when it is implemented with different
directional mutation operators.

5.7 Benefit of CDI components

In DE-CDI, the CDI-based mutation operator is composed
by cellular topology-based neighborhood and neighborhood-
based directional mutation. The experimental results pre-
sented above have shown that DE-CDI is effective for
improving the performance of DE. In this section, to identify
the benefit of these two components, two DE-CDI variants
are considered: DE-CELL that only incorporates the cellu-
lar topology-based neighborhood into DE and DE-DIR that
only introduces the neighborhood-based directional muta-
tion into DE. In DE-CELL, all the individuals for mutation
are selected from the neighborhood of the current individual.
In DE-DIR, based on the randomly selected base vector, the
whole population is partitioned into the superior and infe-
rior groups and the difference vector is constructed as that in
DE-CDI. FourDE algorithms,DE/best/1, DE/rand-to-best/1,
CoDE and ODE, are used for comparison. The results for the
functions at 30D are shown in Table 16.

From Table 16, both DE-CELL and DE-DIR perform
worse than the corresponding original DE algorithm in two
cases, while DE-CDI can obtain significantly better results
than DE in all the cases. Specifically, for DE/best/1, DE-
CELL and DE-DIR are significantly outperformed by the
original DE algorithm on 2 and 20 functions, respectively,
while DE-CDI is significantly better than the original DE
algorithm on 22 functions. For DE/rand-to-best/1, DE-CELL
and DE-DIR are significantly better on zero and 17 func-
tions, respectively, while DE-CDI is significantly better on
21 functions. For CoDE and ODE, all the DE-CDI variants
are significantly better on most functions. From the results
of Friedman test (García et al. 2009; Derrac et al. 2011), DE-
CDI obtains the best average ranking values in all the cases.
In addition, both DE-CELL and DE-DIR perform better than
the advanced DE algorithms overall.

To further show the advantage of combining the neigh-
borhood and direction information in DE-CDI, the multi-
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Table 19 Results of the
multi-problem Wilcoxon’s test
for DE/rand/1 versus DE-CDI
with different type of cellular
topology on all the functions at
30D

Algorithm +/ = /− R+ R− p value α = 0.05 α = 0.1

DE-CDI with C5 vs DE/rand/1 2/10/13 67 233 1.00e+00 − −
DE-CDI with C9 vs DE/rand/1 13/10/2 248 52 4.59E−03 + +
DE-CDI with C13 vs DE/rand/1 15/8/2 283 17 1.29E−04 + +
DE-CDI with C25 vs DE/rand/1 13/9/3 252 73 1.51E−02 + +
DE-CDI with C49 vs DE/rand/1 11/14/0 250.5 74.5 1.47E−02 + +

problem Wilcoxon signed rank tests are also carried out and
the results are presented in Table 17. It can be found that
DE-CDI obtains the higher R+ values than R− values in all
the cases. According to the multi-problem Wilcoxon signed
rank test at α = 0.05, DE-CDI is significantly better than
DE-CELL and DE-DIR overall in most cases. These results
clearly show that DE-CDI is better than the corresponding
DE-CELL and DE-DIR overall.

From the results in Tables 16 and 17, we can obtain some
interesting observations. First, both the neighborhood infor-
mation and direction information are beneficial to enhancing
the performance of most DE algorithms studied. Second,
compared with the DE algorithm only with single informa-
tion (i.e., neighborhood or direction information), DE-CDI
can utilize the population information more effectively to
guide the search.

5.8 Parameter study

In DE-CDI, there is a control parameter (i.e., n in Cn) that
decides the neighborhood size of each individual. To test
the influence of the neighborhood size on the performance
of DE-CDI, the experiment studies with different n values
are carried out. DE/rand/1 is employed for comparison here.
Different number of neighbors, i.e., n = 5, 9, 13, 25 and
49, are considered. Figure 8 illustrates the cellular topology
based neighborhoodwith different number of neighbors. The
results are shown in Tables 18 and 19.

From Table 18, it is clear that DE-CDI with different n
values is better than DE/rand/1 in all the cases except n = 5.
In the cases of n = 9, 13, 25 and 49, DE-CDI is significantly
better than DE/rand/1 on 13, 15, 13 and 11 functions, respec-
tively, and is worse on 2, 2, 3 and zero functions, respectively.
In addition,DE-CDI/rand/1with differentn values canobtain
better average ranking value than DE/rand/1. According to
the results of Table 19, in the cases of n = 9, 13, 25 and
49, DE-CDI obtains the higher R+ values than R− values.
It indicates that DE-CDI with different n values significantly
outperforms DE/rand/1 overall. Furthermore, DE-CDI with
n = 13 and n = 9 obtains the best and second best results.
In the case of n = 5, DE-CDI obtains the worst results. The
reason may lie in that the neighborhood size (e.g., n = 5) for
each individual is too small to be partitioned into the superior

and inferior groups, and the direction information cannot be
utilized effectively to construct the difference vector.

According to the results in Tables 18 and 19, DE-CDI
with n = 13 is a good choice for the benchmark functions in
this study. In order to choose the appropriate neighborhood
size for DE-CDI, adaptive or self-adaptive parameter control
techniques (e.g., Zhang and Sanderson 2009; Qin et al. 2009;
Islam et al. 2012) will be studied in the future work.

5.9 Application to real-world problems

In order to test the effectiveness of DE-CDI on real-world
problems, three problems are selected from Eshelman et al.
(1997) andDas andSuganthan (2010). Thefirst twoproblems
are from the CEC 2011 competition on testing EA on real-
world numerical optimization problems (Das and Suganthan
2010). One is parameter estimation for frequency modulated
sound waves (FMP) and the other is spread spectrum radar
poly phase code design (SRP). FMP is a highly complex
multi-modal problem with strong epistasis and SRP is with
numerous local optima andhas proven to be anNP-hard prob-
lem (Das and Suganthan 2010). The last problem is systems
of linear equations problem (LEP) which has proven to be
quite difficult for the optimizers (Suganthan et al. 2005). For
each problem, MNFEs is set to 150,000 (Das and Suganthan
2010). Table 20 presents the results.

As Table 20 shows, it is clear that DE-CDI can obtain the
better results than the corresponding DE algorithm in most
cases. Specifically, for LEP and SRP, DE-CDI is better than
the corresponding DE algorithms in 10 out of 12 cases. For
FMP,DE-CDI is better than the correspondingDEalgorithms
in seven cases.

In sum, the results of Table 20 indicate that DE-CDI is
able to enhance the performance of DE on the real-world
problems considered.

6 Conclusions

In this study, a simple and effective framework, DE with
cellular direction information (DE-CDI), has been presented
for numerical optimization. In DE-CDI, the cellular topol-
ogy is employed to define a neighborhood for each individual
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2 and the direction information is introduced into the mutation

operator by constructing difference vector with the neigh-
bors. In this way, the neighborhood and direction information
can be simultaneously and effectively utilized to guide the
search of DE. According to the extensive experimental study,
it is obvious that DE-CDI is able to enhance the performance
of most DE algorithms considered.

In the future, adaptive or self-adaptive methods for choos-
ing number of neighbors in the cellular topology-based
neighborhood will be investigated first. Then, the applica-
tion of DE-CDI to other real-world problems will be studied.
Finally, DE-CDI will also be extended to the multi-objective
and large-scale optimization problems.
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